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a b s t r a c t
In this paper an attempt is made to extend some standard results in set theory on the basis
of soft set relations. Antisymmetric relation and transitive closure of a soft set relation
are introduced and an analogue of Warshall’s algorithm is proposed for calculating the
transitive closure of a soft set relation. Ordering on a soft set is defined and some set
theoretical results based on this are proved.
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1. Introduction
In 1999, Molodtsov [1] proposed the novel concept of soft set theory, which provides a completely new approach for
modeling vagueness and uncertainty. Soft set theory has a rich potential for applications in several directions, few of which
were shown by Molodtsov in [1]. After Molodtsov’s work, some different applications of soft sets were studied in Chen
et al. [2]. Further theoretical aspects of soft sets were explored by Maji et al. [3]. Also the same authors [4] presented the
definition of a fuzzy soft set. The algebraic nature of the soft set has been studied by several researchers. Aktas andCagman [5]
initiated soft groups, and Feng [6] defined soft semirings. Sun [7] introduced a basic version of soft module theory, which
extends the notion of a module by including some algebraic structures in soft sets.
Recently, research on soft set theory has been progressing rapidly. Zhi Xiao [8] proposed the notion of the exclusive
disjunctive soft set and gave an application of exclusive disjunctive soft sets, which shows that it can be applied to attribute
reduction of incomplete information system. Ke Gong [9] proposes the concept of the bijective soft set and some of its
operations andgives an application of the bijective soft set in decisionmakingproblems. Jiang et al. [10] present an adjustable
approach to intuitionistic fuzzy soft set based decision making by using level soft sets of intuitionistic fuzzy soft sets. The
lattice structures of soft sets were constructed by Qin and Hong [11].
Babitha and Sunil [12] defined soft set relations and functions. Yang and Guo [13] introduced kernels and closures of soft
set relations, and soft set relation mappings using soft set relations and functions. To add to that work, we make an attempt
through this paper towiden the set theoretical aspect of soft set relations. To refresh knowledge of the fundamental concepts
of soft sets we refer the reader to [14,15]. The organization of this paper is as follows. To facilitate our discussion we note
some basic definitions for soft sets in Section 2. In Section 3we initiate transitive closure of a soft set relation and propose an
analogue of theWarshall algorithm for soft set theory. We also define compatible soft set functions and prove some results.
We introduce the concept of orderings on soft sets in the next part, Section 4. We also try to establish relationships between
different orderings. Finally, we conclude the paper with a summary and outlook for further research in Section 5.
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2. Preliminaries and basic definitions
Definition 2.1 ([1]). Let U be an initial universal set and E be a set of parameters. Let P(U) denote the power set of U and
A ⊂ E. A pair (F , A) is called a soft set over U , where F is a mapping given by F : A → P(U).
In otherwords, a soft set overU is a parameterized family of subsets of the universalU . For ε ∈ A, F(ε)may be considered
as the set of ε-approximate elements of the soft set (F , A).
Definition 2.2 ([12]). Let (F , A) and (G, B) be two soft sets over U , then the Cartesian product of (F , A) and (G, B) is defined
as (F , A)× (G, B) = (H, A× B), where
H : A× B → P(U × U) and H(a, b) = F(a)× G(b), where (a, b) ∈ A× B
H(a, b) = {(hi, hj); where hi ∈ F(a) and hj ∈ G(b)}
Definition 2.3 ([12]). Let (F , A) and (G, B) be two soft sets over U , then a relation from (F , A) to (G, B) is a soft subset of
(F , A)× (G, B).
In an equivalent way, we can define the relation R on the soft set (F , A) in the parameterized form as follows:
If (F , A) = {F(a), F(b) . . .} then F(a)RF(b) iff F(a)× F(b) ∈ R.
Definition 2.4 ([13]).
(1) The complement of a soft set relationRon (F , A)denoted asRc is definedbyRc = {F(a)×F(b) | F(a)×F(b) ∉ R, a, b ∈ A}.
(2) The union of two soft set relations R and Q on (F , A) denoted as R ∪ Q is defined by
R ∪ Q = {F(a)× F(b) | F(a)× F(b) ∈ R or F(a)× F(b) ∈ Q }.
(3) The intersection of two soft set relations R and Q on (F , A) denoted as R ∩ Q is defined by
R ∩ Q = {F(a)× F(b) | F(a)× F(b) ∈ R and F(a)× F(b) ∈ Q }.
Definition 2.5 ([12]). Let (F , A) be a soft set defined on the attribute set A and R be a relation defined on A (i.e. R ⊂ A× A).
Then the induced soft set relation RA on (F , A) is defined as follows: F(a)RAF(b)⇐⇒ aRb
3. Transitive closures of soft set relations
Definition 3.1 ([13]). Let R, Q be two soft set relations on (F , A). If F(a)× F(b) ∈ R H⇒ F(a)× F(b) ∈ Q , then we say that
R ⊂ Q .
Definition 3.2 ([13]). Let R be a soft set relation on (F , A), Then
(1) R is reflexive if F(a)× F(a) ∈ R.
(2) R is symmetric if F(a)× F(b) ∈ R H⇒ F(b)× F(a) ∈ R.
(3) R is transitive if F(a)× F(b) ∈ R and F(b)× F(c) ∈ R H⇒ F(a)× F(c) ∈ R, for every a, b, c ∈ A.
Theorem 3.3. The relation R on a soft set (F , A) is transitive iff Rn ⊆ R for every n ∈ N.
Proof. Suppose that Rn ⊆ R for every n ∈ N . In particular R2 ⊆ R. We have to prove that R is transitive. Suppose that
F(a)× F(b) ∈ R and F(b)× F(c) ∈ R; then by the definition of composition, F(a)× F(c) ∈ R2. Since R2 ⊆ R, this means that
F(a)× F(c) ∈ R. Hence R is transitive.
Conversely suppose that R is transitive. We prove that Rn ⊆ R by induction. For n = 1 it is true. Assume that Rn ⊆ R for n.
We need to show that Rn+1 ⊆ R. To show this, assume that F(a) × F(b) ∈ Rn+1. Since Rn+1 = Rn ◦ R, there is an element
F(x) such that F(a)× F(x) ∈ R and F(x)× F(b) ∈ Rn. Now Rn ⊆ R gives F(x)× F(b) ∈ R. Furthermore since R is transitive
and F(a)× F(x) ∈ R, it follows that F(a)× F(b) ∈ R. This shows that Rn+1 ⊆ R, completing the proof. 
Theorem 3.4. If T ,U are two soft set function from (F , A) to (G, B) and R, S are two soft set functions from (G, B) to (H, C) then
R ⊂ S and T ⊂ U H⇒ R ◦ T ⊂ S ◦ U.
Proof. Suppose that F(a)× H(c) ∈ R ◦ T . This implies that there exists G(b) ∈ (G, B) such that
F(a)× G(b) ∈ T and G(b)× H(c) ∈ R.
Now R ⊂ S H⇒ G(b)× H(c) ∈ S and T ⊂ U H⇒ F(a)× G(b) ∈ U .
Then F(a)× H(c) ∈ S ◦ U , showing that R ◦ T ⊂ S ◦ U . 
Corollary 3.5. If R ⊂ S then Rn⊂ Sn.
Definition 3.6. Let R be a binary relation on (F , A). The transitive closure of R denoted by R+ is the smallest soft set relation
containing R that is transitive.
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Definition 3.7 (Matrix Representation of a Soft Set Relation). Every soft set relation R on a soft set (F , A) denoted as
{F(a1), F(a2), . . . , F(an)} can be represented in matrix form as follows:
M =
F11 F12 . . . F1n
F21 F22 . . . F2n
Fn1 Fn2 . . . Fnn

.
Here
Fij =

1 if F(ai)× F(aj) ∈ R
0, otherwise.
The above representation is mostly useful for storing soft set relations in computers.
Extension of the Warshall algorithm to soft set relations.
Warshall’s algorithm is an efficient method of finding the adjacency matrix of transitive closure of a relation on a finite
set from the adjacency matrix of the relation. Now the same algorithm will be extended to construct the transitive closure
of a soft set relation.
Notation. Letmi andmj denote the ith and jth rows of a matrixM corresponding to the soft set relation R.
Warshall’s algorithm:
Input:matrixM corresponding to a relation R on soft set (F , A).
Output:matrix T corresponding to transitive closure of R.
Algorithm body:
T := M [initialize T toM]
for j := 1 to n
for i := 1 to n
if Tij = 1 then
at = ai ∨ aj [form the boolean OR of row i and row j store it in at ]
next i
next j
end algorithmWarshall
Definition 3.8. Let f , g be two soft set functions on (F , A) and (G, B) respectively. Then,
(a) f and g are compatible if f (F(a)) = g(G(a)) for all F(a) ∈ dom f ∩ dom g .
(b) A set of soft set functions F is a compatible system of functions if any two functions f and g from F are compatible.
Lemma 3.9. (a) Soft set functions f and g are compatible if and only if f ∪ g is a function.
(b) Soft set functions f and g are compatible if and only if
f /((dom f ∩ dom g)) = g/((dom f ∩ dom g)).
Proof. The result follows obviously from the definition. 
Next we prove that functions from a compatible system can be pieced together to form a single function which extends
them all.
Theorem 3.10. If F is a compatible system of functions, then ∪F is a function with dom ∪ F = ∪{dom f /f ∈ F }. Then the
function ∪F extends all f ∈ F .
Proof. Clearly ∪F is a relation. We prove that it is a function. If F(a) × F(b1) ∈ ∪F and F(a) × F(b2) ∈ ∪F , there are
functions f1, f2 ∈ F such that F(a)×F(b1) ∈ f1 and F(a)×F(b2) ∈ f2. But f1 and f2 are compatible and F(a) ∈ dom f1∩dom f2.
So F(b1) = f1(F(a)) = f2(F(a)) = F(b2).
It is trivial to show that F(x) ∈ dom ∪ F if and only if F(x) ∈ dom f for some f ∈ F . 
4. Orderings on soft sets
Definition 4.1. A binary soft set relation R on (F , A) is antisymmetric if F(a) × F(b) ∈ R and F(b) × F(a) ∈ R for every
F(a), F(b) in (F , A) imply F(a) = F(b).
Definition 4.2. A binary soft set relation R on (F , A) which is reflexive, antisymmetric and transitive is called a partial
ordering of (F , A). The triple (F , A, R) is called a partially ordered soft set.
Example 4.3. Consider a soft set (F , A) as follows:
Suppose that U = {2, 4, 6, 9, 10, 16} and A = {2, 3, 8}.
2238 K.V. Babitha, J.J. Sunil / Computers and Mathematics with Applications 62 (2011) 2235–2239
Then F(2) = {2, 4, 6, 10, 16}, F(3) = {6, 9}, F(8) = {16} define a relation R on (F , A) as F(a)RF(b) iff a divides b.
Then R = {F(2)× F(2), F(3)× F(3), F(8)× F(8), F(2)× F(8)} is a partial ordering on (F , A).
We denote a partial ordering on a soft set (F , A) as⊆.
Definition 4.4. A binary soft set relation R on (F , A) is asymmetric if for every F(a), F(b) in (F , A), F(a)RF(b) implies that
F(b)RF(a) does not hold. That is, F(a)RF(b) and F(b)RF(a) can never both be true simultaneously.
Definition 4.5. A binary soft set relation R on (F , A) is called a strict ordering if it is asymmetric and transitive.
We now establish relationships between orderings and strict orderings.
Theorem 4.6. (a) Let R be an ordering of (F , A). Then the soft set relation S on (F , A) defined by F(a)SF(b) iff F(a)RF(b) and F(a)
≠ F(b) is a strict ordering of (F , A).
(b) Let S be a strict ordering of (F , A). Then the soft set relation R defined by F(a)RF(b) iff F(a)SF(b) or F(a) = F(b) is an
ordering of (F , A).
Proof. Let us show that S is asymmetric. Assume that both F(a)SF(b) and F(b)SF(a) for some F(a), F(b) are in (F , A). Then
we have F(a)RF(b) and F(b)RF(a) by definition. Then F(a) = F(b) (R is antisymmetric). That contradicts the definition of
F(a)SF(b). To prove the transitivity of S, suppose that F(a)SF(b) and F(b)SF(c). Then we have F(a)RF(b) and F(b)RF(c). So
we have F(a)RF(c) by transitivity of R. Then we have F(a)SF(c).
Definition 4.7. Let ⊆ be an ordering of (F , A) and F(a) and F(b) be any two elements in (F , A). We say that F(a) and F(b)
are comparable in the ordering if F(a) ⊆ F(b) or F(b) ⊆ F(a). We say that F(a) and F(b) are incomparable if they are not
comparable.
Example 4.8. Consider a soft set (F , A) as follows:
U = {p1, p2, p3, p4, p5p6, p7, p8} and A = {young, smart, weak} = {y, s, w}
Then (F , A) denotes people of different types:
F(young) = {p1, p4, p7, p8}
F(smart) = {p1, p7}
F(weak) = {p4, p5, p7}.
Define a relation R on (F , A) as F(a)RF(b) iff F(a) ∩ F(c) ≠ ∅.
Then R = {F(y)×F(s), F(y)×F(w), F(s)×F(w), F(s)×F(y), F(w)×F(y), F(w)×F(s), F(y)×F(y), F(w)×F(w), F(s)×
F(s)}.
Here every element in (F , A) is comparable.
Definition 4.9. Let R be a partial ordering on the soft set (F , A). Then R is called a total ordering on (F , A) if every element
in (F , A) is comparable in the ordering R.
Definition 4.10. Let (F , A, R) be a partially ordered soft set. Then,
(a) F(a) is the least element of (F , A) if F(a)RF(x) for every F(x) in (F , A).
(b) F(a) is a minimal element of (F , A) if there exists no F(x) such that F(x)RF(a) and F(x) ≠ F(a).
(c) F(a) is the greatest element of (F , A) if F(x)RF(a) for every F(x) in (F , A).
(d) F(a) is a maximal element of (F , A) if there exists no F(x) such that F(a)RF(x) and F(x) ≠ F(a).
Theorem 4.11. Let R be a reflexive and antisymmetric relation on (F , A). Then the following are equivalent.
(i) R is a total order on (F , A).
(ii) R and its complimentary soft set relation Rc are both transitive.
Proof. (i)⇒ (ii): Clearly R is transitive. Let F(a), F(b), F(c) be in (F ,A). Let F(a)RcF(b) and F(b)RcF(c). Then neither F(a)RF(b)
nor F(b)RF(c) can hold. Therefore F(a) is not R related to F(c). Thus F(a)RcF(c) and Rc is transitive.
(ii)⇒ (i): Suppose R and its complementary soft set relation Rc are both transitive. If F(a) and F(b) are distinct elements
of (F , A) then either F(a)RF(b) or F(b)RF(a) must hold. Otherwise we would have F(a)RcF(b) and F(b)RcF(a). Hence
F(a)RcF(a). (Rc is transitive.) But this contradicts F(a)RF(b). So R is a total order. 
Theorem 4.12. Let (F , A) be a soft set defined on the universal set U and R be an ordering on A. Then the induced relation RA is
an ordering on (F , A). If (A, R) is a lattice then (F , A) is also a lattice with meet ⊓ and join ⊔ defined as F(a) ⊓ F(b) = F(a∧ b)
and F(a) ⊔ F(b) = F(a ∨ b) where ∧ and ∨ are the corresponding meet and join on (A, R).
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Proof. By definition, F(a)RAF(b)⇐⇒ aRb.
Clearly F(a)RAF(a) as aRa. So RA is reflexive.
If F(a)RAF(b) and F(b)RAF(a) then aRb and bRa, sinceR is antisymmetric, a = b and so F(a) = F(b). SoRA is antisymmetric.
If F(a)RAF(b) and F(b)RAF(c) then aRb and bRc , since R is transitive. aRc and so F(a)RAF(c). So RA is transitive.
Hence RA is an ordering on (F , A).
Suppose (A, R) is a lattice with meet and join represented by ∧ and ∨ respectively.
Nowwe define the correspondingmeet and join of any two elements F(a) and F(b) of a soft set as F(a)⊓ F(b) = F(a∧b)
and F(a) ⊔ F(b) = F(a ∨ b). Hence (F , A) is a lattice. 
5. Conclusion and future work
Throughout this paper we have made an attempt to widen the set theoretical aspect of soft sets. We define the
antisymmetric relation and transitive closure of a soft set relation, and an analogue of Warshall’s algorithm for calculating
the transitive closure of a soft set relation is proposed. Ordering of a soft set is defined and we prove some set theoretical
results based on it. To extend this work one could generalize these concepts to fuzzy soft sets so that problems regarding
uncertainty could be solved more easily.
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